Bound states of the Hellmann potential, which is a superposition of the attractive Coulomb (−A/r) and the Yukawa (Be −Cr /r) potential, are calculated by using a generalized pseudospectral method. Energy eigenvalues accurate up to thirteen to fourteen significant figures, and densities are obtained through a nonuniform, optimal spatial discretization of the radial Schrödinger equation. Both ground and excited states are reported for arbitrary values of the potential parameters covering a wide range of interaction. Calculations have been made for higher states as well as for stronger couplings. Some new states are reported here for the first time, which could be useful for future works. The present results are significantly improved in accuracy over all other existing literature values and offers a simple, accurate and efficient scheme for these and other singular potentials in quantum mechanics.
I. INTRODUCTION
A two-particle system interacting through a combination of the attractive Coulomb and the Yukawa potential, v(r) = −A/r + Be −Cr /r
has received considerable interest for several decades. In this equation, the parameters A, B characterize the strength of the Coulomb and Yukawa potentials respectively; C is the screening parameter and r signifies the distance between the two particles. A, C are positive and B can be both positive as well as negative. Historically, such a superposed potential with positive B was first studied by Hellmann [1] [2] [3] long times ago and thereafter has been customarily used to include both positive and negative B. This has found various important applications in the field of atomic and condensed matter physics; e.g., the electron-core [4, 5] , electron-ion [6, 7] , inner-shell ionization [8] problems, alkali hydride molecules [9] , solid-state physics [10, 11] , etc.
From the theoretical perspectives, this potential has attracted considerable attention from various workers. Like most other practical physical systems, the corresponding Schrödinger equation (SE) does not offer exact analytical solutions in this case too, and one has to resort to the approximate methodologies, such as the variational or the perturbative approaches.
Some important aspects of the bound-state spectra of this system are the presence of complex level crossings [12] and the absence of accidental degeneracies (characteristics of the pure Coulomb potential). Quite detailed calculations were performed [12] using the variational technique including ten parameters for wide ranges of the parameters in the potential corresponding to ground, as well as low and moderately high values of the n and ℓ quantum numbers. Shortly after that, shifted large N expansion results [13] were reported for these systems which were more or less of similar accuracy as those of [12] , although with limited applicability. Besides, attempts have been made to use first-order Rayleigh-Schrödinger perturbation theory to provide approximate analytical formulas for the bound eigenstates [14] .
Lately, a combined Hellmann-Feynmann theorem and the principle of minimal sensitivity has also been used to investigate these states [15] . Analytical formulas for the upper and lower bounds [16] have been presented recently by using an envelope method in conjunction with the comparison theorem. However, despite all these elegant formalisms, there are several problems which deserve more careful and thorough examinations. For example, the prescription of [13] yields reasonably good results for very weak screenings and gradually worsens as B and C increase. For certain other choices of the parameters, this leads to divergent energy series for some of the eigenstates. Analogous difficulties have also been faced in the recent treatment of these potentials [15] using the shifted 1/N expansion. It is also worthwhile to note that although the variational results of [12] were quite accurate and so far have been used as a standard in the literature for this potential, it would be useful and desirable to have more accurate results for these states. The lack of such results in the literature is little surprising, especially in the light of the fact that many excellent and high quality results have been available for both the Coulomb and Yukawa potentials for many years (see for example [17] [18] [19] ). Thus a general reliable formalism which can offer accurate and physically meaningful results for arbitrary values of the interaction parameters for both low as well as higher states, would have its own merit.
Hence it would be of some interest to investigate the spectra of these systems with a fresh look. The purpose of this Letter is to employ the generalized pseudospectral (GPS) method to solve the corresponding SE in a simple and accurate manner. To this end, accurate eigenvalues and densities are reported for all the n ≤ 5 states and the effects of varying the interaction parameters are studied by covering a large range. The GPS method has emerged as a quite successful formalism to study a multitude of atomic and molecular processes in the past years including both electronic structure and dynamics calculations having Coulomb singularities. Recently it has also been shown to be equally successful for the spiked harmonic oscillators, logarithmic and power-law potentials, the Hulthen and Yukawa potentials as well as other singular potentials [20] [21] [22] [23] . Comparisons with the literature data have been made wherever possible. The article is organized as follows: Section II gives a brief outline of the GPS method used here to solve the SE in presence of the Hellmann potential. A discussion of the results is made in Section III, while we end with a few concluding remarks in Section IV.
II. THE GPS FORMALISM FOR THE SOLUTION OF HELLMANN POTENTIAL
This section presents an overview of the GPS formalism along with the mapping procedure used for solving the radial SE of a Hamiltonian containing a Hellmann potential within the nonrelativistic framework. Only the essential steps are given and the relevant details may be found elsewhere ( [20] [21] [22] [23] and the references therein). Unless otherwise mentioned, atomic units are employed throughout this article.
The radial SE can be written in the following form,
where v(r) is given as in Eq. (1). Here n and ℓ signify the usual radial and angular momentum quantum numbers respectively.
One of the distinctive features of GPS method is that it allows one to work in a nonuniform and optimal spatial discretization; a coarser mesh at larger r and a denser mesh at smaller r, while maintaining a similar accuracy at both the regions. Thus it suffices to work with a significantly smaller number of grid points efficiently, which is in sharp contrast to some of the commonly used finite difference or finite element methods for the singular potentials, where one is almost forced to use considerably larger mesh, often presumably because of their uniform nature.
At the first step a function f (x) defined in the interval x ∈ [−1, 1] is approximated by the N-th order polynomial f N (x) as follows,
which guarantees that the approximation is exact at the collocation points x j , i.e.,
In the Legendre pseudospectral method which we use here, x 0 = −1, x N = 1, and the x j (j = 1, . . . , N − 1) are obtained from the roots of the first derivative of the Legendre polynomial P N (x) with respect to x, i.e.,
The g j (x) in Eq. (3) are called the cardinal functions given by,
and satisfy the unique property, g j (x j ′ ) = δ j ′ j . At this stage one can map the semi-infinite domain r ∈ [0, ∞] onto the finite domain x ∈ [−1, 1] by the transformation r = r(x). Now introduction of the following algebraic nonlinear mapping,
where L and α = 2L/r max are the mapping parameters, in conjunction with the relation,
followed by a symmetrization procedure leads to the transformed Hamiltonian as below,
where v m (x) is given by,
This has the advantage that one deals with a symmetric matrix eigenvalue problem which can be easily solved by standard available routines to yield accurate eigenvalues and eigenfunctions. Note that v m (x) = 0 for the particular transformation.
We have carried out a large number of tests in order to make a detailed check on the accuracy and reliability of the method by varying the mapping parameters so as to produce "stable" results with respect to their changes. This procedure was applied for a variety of potential parameters available in the literature. In this way, a consistent set of parameters α = 25, N = 200 and r max = 200 were chosen which seemed to be appropriate for all the calculations performed in this work. The results are reported only up to the precision that maintained stability and all our results are truncated rather than rounded-off. Thus, all the results may be considered as correct up to the place they are reported.
III. RESULTS AND DISCUSSION
First in table 1, we give the computed 2s eigenvalues for three values of the parameter B, viz., 0.5, −0.5, and −2 as a function of the screening parameter C to demonstrate the accuracy of the present calculations. For each B, four C values have been considered covering both the weak and strong regions. It may be noted here that for all the calculations in this work, we assume A = 1; accordingly our B maps to half of the corresponding rescaled parameter of [12] , and the computed eigenvalues obtained in a. u., are half of those of [12] .
The results are compared with the (a) variational results [12] , and (b) Rayleigh-Schrödinger perturbation calculations [14] . For C = 0.001, only the former results are available. It is abundantly clear that the present GPS values are significantly better than either of these previously reported results in all the cases. For all these states, between [12] and [14] , former results are seen to be closer to present values than the latter ones. Usually the variationally calculated eigenvalues match up to four to five significant figures with those of ours while the perturbation results place these states at higher values in all but one instance (B = −2,C = 2) and the accuracy gradually decreases with an increase in the screening parameter C.
Next, the calculated binding energies (−E n,ℓ ) of some of the lowest lying 1s − 5g states below n ≤ 5 are presented for the strongly repulsive (B = +5) and strongly attractive (B = −5) Yukawa potentials in tables 2 and 3 respectively as a function of the screening parameter C. Four values of C have been considered in both cases, viz., 0.01, 1, 10 and 100 which essentially covers both the weak and strong regions. 1s − 4f states were studied for a large number of C values ranging from 0.001-10 by [12] while from 0.05-10 by [13] and these are appropriately quoted here. To our knowledge, no reference values are available for C > 10, and we report here some results in the very high screening regions (C = 100). It is noticed that, the present GPS eigenvalues are much superior to both the earlier reported values for all these states. For the repulsive Yukawa potential case, the variational results [12] are seen to match with our results in the moderate screening regions (C = 1, 10); whereas, the accuracy in their result deteriorates for smaller C (0.01). Also the low-ℓ states deviate more than the high-ℓ states. Furthermore, within a particular ℓ, the errors increase as the radial quantum number n increases. Thus the 1s, 2s, 3s and 4s states for C = 0.01 are in error by 0.54, 3.76, 11.25 and 23.25% respectively. However, for the attractive Yukawa potentials, they show similar kind of accuracies and agreements with the present results for both C = 0.01 and 10. Once again, the variational results [12] are seen to be somewhat better than the perturbation results [13] . For the 1s and 2s states of B = +5 and B = −5, appreciable deviations are noticed in the calculations of [13] from ours (≈29.26 and 25.06% respectively); other s states also suffer more compared to the p, d or f states. In both these cases, however, one regains the hydrogen-like spectrum in the limit of C → ∞ (100 in the tables), as expected.
Now we examine the effects of the variation of parameter B on the calculated eigenvalues up to 1s through 5g. Tables 4 and 5 states of C = 0.25 were calculated for B = −10, −1, 1 by [12] while for C = 1, all the n ≤ 5 states were reported for B = −25, −10 only, in the same work [12] . As in the previous tables, the present method offers noticeably improved results for all of these states compared to both of these. It appears that the variational calculations [12] are relatively more accurate in the low screening regions than in the stronger regions. Now fig. 1 shows the variation of the radial probability distribution functions with respect to the interaction parameters B and C; (a) shows this for C = 1 at four B values, viz., 
